Rules for integrands of the form (a + bx + ¢ x?)” (d + ex + £x?)4

1. j(a+bx+cx2)p(d+ex+fx2)qd1x when cd-af=0 Abd-ae=0

1: J(a+bx+cx2)p(d+ex+fx2)qd1x whencd-af=0 Abd-ae=0 A (pez Vv §>0)

Derivation: Algebraic simplification

Basis:if cd-af=0Abd-ae=0A (pezV $>0),then (a+bx+cx?)?= ()7 (d+ex+Ffx?)°

r

Rule1.2.15.1.1:if cd-af=0 Abd-ae=0 A (peczZV @), then

>
J(a+bx+cx2)p (drex+fx*)%dx — (E)pj(d+ex+fx2)p+qdlx

Program code:

Int [ (a_+b_.*X_+C_.*X_"2)"p_.* (d_+e_. *x_+‘F_.*x_"2) Aq_. ,X_Symbol] g
(c/F) ~p+Int[ (d+exx+Ffxx 2)~ (p+q),x]| /;

FreeQ[{a,b,c,d,e,f,p,q},x] && EqQ[c+d-a+f,0] && EqQ[bxd-axe,0] & (IntegerQ[p] || GtQ[c/f,0]) &&
(Not[IntegerQ[q]] || LeafCount[d+exx+f»x"2]sLeafCount[a+bxx+cx"2])



Rules for integrands of the form (a+b x+c x~2)"p (d+e x+f x"2)"q

2: J(a+bx+cx2)p(d+ex+fx2)qd1x whencd-af=0 Abd-ae=0ApeEZ A qe¢Z A E}O

Derivation: Piecewise constant extraction

Basis:If cd-af ==0 A bd-ae = 0,thens <X’ g

a
(d+e x+f xz)p

. N N (a+bx+cx2)p N aMt%P“P](a+bx+cx2)ﬁﬁwaﬂ[m
Basis:If cd-af ==0 A bd-ae=90,then (drex+Fx2)P  gItPartipl (die xf x2) AP
Rule1.2.1512:if cd-af=0 Abd-ae=0 Ap¢Z Aqe¢Z A {*0,then

aIntPart[p] (a +bx+c xz) FracPart[p]

a+bx+cx?)? (d+ex+Ffx?)%dx — d+ex+fx?)P9dx
( )" ) ( )

dIntPart(p] (d rex+f XZ) FracPart[p]

Program code:
Int[(a_+b_.*Xx_+C_.#x_"2)"p_*(d_+e_.*x_+f_.*x_"2)"q_.,x_Symbol] :=

a~IntPart[p]+ (a+bxx+cxx*2) ~FracPart[p] /(d IntPart [p] + (d+exx+fxx"2) *FracPart[p])+Int [ (d+exx+Fxx 2)~ (p+q) ,x] /;
FreeQ[{a,b,c,d,e,f,p,q},x] && EqQ[c+d-a+f,0] && EqQ[bxd-axe,@] & Not[IntegerQ[p]] && Not[IntegerQ[q]] && Not[GtQ[c/f,0]]

2: j(a+bx+cx2)p(d+ex+-Fx2)qdlx whenb?-4ac=0 A p¢z

Derivation: Piecewise constant extraction

+ + 2)P
Basis: If b%> - 4 a ¢ == 9, then &, [arbxeexX)’ g

(b+2 ¢ x) 2P
p 2\ FracPart[p]
. 2 o (a+b X+C Xz) . (a+b X+C X )
BaSIS' lf b - 4 ac-== e’ then (b+2CX)2p - <4C>IntPar‘t[pJ (b+2cx>2Fr‘acPar‘t[pJ

Rule1.2.1.5.2:1f b>-4ac==0 A p ¢ Z,then



Rules for integrands of the form (a+b x+c x~2)"p (d+e x+f x"2)"q

(a +bx+c XZ) FracPart[p]

J(a+bx+cx2)p (d+ex+fx*)%dx — (b+2cx)?P (d+ex+fx?)dx

(4 C) IntPart[p] (b +2c¢C X) 2 FracPart[p]

Program code:

Int[(a_+b_.*X_+C_.#x_"2)"p_*(d_+e_.*x_+f_.xx_"2)"q_.,x_Symbol] :=
(a+bxx+c*x2) "FracPart [p] / ( (4xc) ~IntPart [p] x (b+2#cxX)~ (2xFracPart[p])) *Int[ (b+2xcxX) ~ (2+p) * (d+exx+Ffxx~2)*q,x] /;
FreeQ[{a,b,c,d,e,f,p,q},x| && EqQ[b~2-4xaxc,@] & Not[IntegerQ[p]]

Int[(a_+b_.*x_+C_.*x_"2)"p_x (d_+f_.*x_"2)"q_.,x_Symbol] :=
(a+bxx+c*x2) "FracPart [p] / ( (4xc) ~IntPart[p] » (b+2xcxX) " (2xFracPart[p])) «Int [ (b+2xcxx)~ (2#p) * (d+f*x"2)~q,x] /;
FreeQ[{a,b,c,d,f,p,q},x] & EqQ[b"2-4+axc,8] & Not[IntegerQ[p]]



Rules for integrands of the form (a+b x+c x~2)"p (d+e x+f x"2)"q

x.J}a+bx+cxﬂp(d+ex+fx%quwmm b2-4ac#0 Ae?-4df#0 Ace-bf=0

1. J(a+bx+cx2)p (d+ex+£x2)9dx when b2-4ac#0 A e?2-4df#0 Ace-bf=0 A (peZ \Y —bz_:ac>0)

1: J(a+bx+cx2)p(d+ex+-Fx2)qdlx whenb?-4ac#0 A e’-4dfz@ Ace-bf=0A (pezZV -57—>0) A (qez v —ﬁ>0)

Derivation: Algebraic simplification and integration by substitution

Basis: If peZV - m > 0, then (a+bx+cx?)P= 2“‘(-127‘ E (1— (z:_z:axc)z)l’
- i< —— L e (b+2cx)?
Basis: If ce-bf =0 A (q €LV - GaaF > @),then (d+ex+fx?)?= qu(_lf ] (1+ glzens)s
Rule 1.2.1.5.x.1.1: If
b>’-4ac+0re’*-4dfz@nce-bf=0A (pecZV -55—>0) A (qezV —ﬁ>@),then
(a+bx+cx?)? (d+ex+fx*)%dx — ! f(l— (b+2cx)2]P(1+M}qu
22p+2q(_ c )p(_ f )q b2-4ac b(4cd-be)
b?-4ac e2-4df
2 2
— ! SubstU‘(l—x—]p[1+L]qu, X, b+2cx]
22pr2ad ¢ (L )p(_ f )q b’-4ac b(4cd-be)
b%-4ac e?-4df

Program code:

(*» INnt[(a_+b_.*x_+C_.*x_"2)"p_x(d_.+e_.*x_+f_.*x_"2)"q_,x_Symbol] :=
1/(2" (2xp+2xq+1) xC* (-c/ (b*2-4xaxc) ) “p* (—'F/(e"Z—4*d*'F) ) "q) *
Subst[Int[ (1-x*2/ (b*2-4xaxc) ) “px (1+exx"2/ (bx (4xcxd-bxe)))~q,x],Xx,b+2xcxx] /;
FreeQ[{a,b,c,d,e,f,p,q},x] & NeQ[b*2-4xaxc,0] && NeQ[e~2-4xd+f,0] && EqQ[cxe-bxf,0] &&
(IntegerQ[p] || GtQ[-c/(b"2-4xaxc),0]) && (IntegerQ[q] || GtQ[-f/(e2-4xdxf),0]) *)



Rules for integrands of the form (a+b x+c x~2)"p (d+e x+f x"2)"q

—f
e?-4df

c
b*-4ac

2: J-(a+bx+cx2)p(d+ex+-Fx2)qdlx whenb?-4ac#0@ A e*-4df#@ Ace-bf=0A (pez V - >0) A - (qez vV -

Derivation: Algebraic simplification, piecewise constant extraction, and integration by substitution

. . _ C 2\p __ 1 _ (bs2ex)?\P
Basis: If peZ V - 55— > 0,then (a+bx+cx?)’= Y (1- 2o

b2-4ac

ise 9, —FIx1?  __
Basis: Oy CF)P 0

- . B fldrexifx?) 1 e (br2cx)?
Basis:If ce - b f == 0, then - <2 adf T 32 <1+b<4cd_be>>

Rule1.2.1.5.x.1.2: If

2 _ 2 _ _ _ __c . ___f
b>-4ac+@ne’-4df+@Ace-bf=0A (peZV -55—>08) A~ (qeZ V -
d+ex+fx?)? b+2 2y\p b+2 2\q
(a+bx+cx2)p(d+ex+fx2)qd1x — ( e ) J(l-ﬁ] (1+u] dx
2220 (L < )p(_f(d+eX+fx2))q b2-4ac b(dcd-be)
b*-4ac e?-4df
(d+ex+-Fx2)q X2 p e x2 q
— Subst[f(l— ] [1+ ] dx, X, b+2cx]
22p+2q+1c(_ c )p(_f(d+EX+fX2))q b2-4ac b(dcd-be)
b%*-4ac e’-adf

Program code:

(* Int [ (a_+b_.*X_+C_.*¥Xx_"2)"p_=* (d_. +e_.xx_+T_. *x_"Z) "q_,x_Symbol] =
(d+e*x+f*x"2) "q/ (2" (2%p+2xq+1) *c* (-c/ (b"2-4xaxc) ) *p* (—‘F* (d+e*x+f*x"2)/(e"2—4*d*f) ) "q) *
Subst[Int[ (1-x*2/ (b”2-4xaxc) ) *p* (1+exx"2/ (bx (4xcxd-bxe)))~q,x],x,b+2xcxx] /;
FreeQ[{a,b,c,d,e,f,p,q},x] && NeQ[b"2-4xaxc,0] & NeQ[e"2-4xd+f,0] & EqQ[cxe-bxf,8] &&
(IntegerQ[p] || GtQ[-c/(b"2-4xaxc),0]) && Not[IntegerQ[q] || GtQ[-f/(e"2-4xd«f),0]] *)

>a)

> 0),then



Rules for integrands of the form (a+b x+c x~2)"p (d+e x+f x"2)"q

.
e’-adf

c
b*-4ac

2: J(a+bx+cx2)p(d+ex+fx2)qd1xWhenb2—4ac¢0/\e2—4d-F¢0Ace—b-F==0A-(pezV— >0)A—-(qezv— >0)

Derivation: Piecewise constant extraction and integration by substitution

is: 9, —Fx1? - __
Basis: Oy CFIx])P

|
BaSiSZ—C atbx+cx?) 1 <1_ (b+2cx]2>

b2-4ac o2 b2-4ac

- +e x+f x?
Basis:If ce-b f == e,then—M - L1 <1+ M)

e2-4df 22 b (4cd-be)
Rule1.2.1.5.x.2:1f b>-4ac+0 A e?-4df+0 A ce-bf ==0,then
a+bx+cx?)? (d+ex+fx?)9 b+2 2\p b+2 24
(a+bx+cx?)? (d+ex+fx*)%dx — (2+bxe )" (drex- ) j[l—( v2cx) ] (1+ e(br2cx) ] dx
22024 (- (asbxscx?) )P (_f(d+ex+fx2) )q b2-4ac b(dcd-be)
b?-4ac e2-4df
(a+bx+cx2)'°(d+ex+1=x2)q x2 P e x? q
— Subst[J(l——] (1+—J dx, X,b+2CX]
J2przqet g (_Elabxeexd]) \P [ f (drexetnd) |3 b2 -dac b(dcd-be)
(_ b?-4ac ) (_ e2-4df )

Program code:

(*» INnt[(a_+b_.*x_+C_.*x_"2)"p_x(d_.+e_.*x_+f_.xx_"2)"q_,x_Symbol] :=
(a+bxXx+cxx"2) *p* (d+e*X+‘F*X"2) "q/(Z" (2%p+2xq+1) *C* (-C* (a+bxX+Cxx*2) / (b*2-4xaxcC) ) *p* (—'F* (d+e*x+-F*x"2)/(e"2—4*d*f) )"q) *
Subst[Int[ (1-x"*2/ (b*2-4xaxc) ) "px (1+exx"2/ (bx (4xcxd-bxe)))"q,x],X,b+2xcxx] /;
FreeQ[{a,b,c,d,e,f,p,q},x] & NeQ[b*2-4xaxc,0] & NeQ[e~2-4xd+f,0] && EqQ[cxe-bxf,0] )



Rules for integrands of the form (a+b x+c x~2)"p (d+e x+f x"2)"q

4. J(a+bx+cx2)p(d+ex+fx2)qd1x whenb?-4ac#0 A e?-4df#0 A p<-1

1: J(a+bx+cx2)p(d+ex+-Fx2)qd1x whenb?-4ac#0 A e?2-4df#0 Ap<-1AQq>0

Derivation: Nondegenerate biquadratic recurrence 1 withA -1, B>0, C > 0

Rule1.2.1.54.1:1f b>?-4ac+0 A e’ -4df+0 Ap<-1Aqg>0,then

a+bx+cx?)P (d+ex+Ffx?)%dx —
( )

(b+2cx) (a+bx+cx2)p+1 (d+ex+fx?)?

(b>-4ac) (p+1)
1

® : j(a+bx+cx2)p*1(d+ex+fx2)q'1(2cd(2p+3)+beq+(2bfq+2ce(2p+q+3))x+2c-F(2p+2q+3)x2)d1x
b“-4ac) (p+1)

Program code:

Int[(a_.+b_.#x_+C_.*x_"2)"p_x (d_.+e_.*x_+f_.*x_"2)"q_,x_Symbol] :=
(b+2xC*X) * (a+bxX+Cxx*2) ~ (p+1) * (d+e*X+f*X"2) "q/( (br2-4xaxc) x (p+1)) -
(1/ ((b"2-4xaxc) * (p+1))) *
Int [ (a+bxx+c*x”2) ~ (p+1) * (d+e*x+f*x"2) ~(g-1) *
Simp[z*c*d*(z*p+3)+b*e*q+(Z*b*f*q+2*c*e*(2*p+q+3))*x+2*c*f*(2*p+2*q+3)*xA2,x],x] /3
FreeQ[{a,b,c,d,e,f},x] && NeQ[b"2-4xaxc,0] && NeQ[e~2-4xdxf,0] & LtQ[p,-1] && GtQ[q,0] & Not[IGtQ[q,0]]

Int[(a_.+b_.#x_+C_.*x_"2)"p_*(d_.+f_.*x_"2)~q_,x_Symbol] :=
(b+2%Cc*X) * (a+b*x+Cc*x*2) ~ (p+1) * (d+f*x"2) "q/( (b~2-4xaxc) * (p+1)) -
(1/ ((b"2-4xaxc) x (p+1))) *
Int[ (a+bxx+C#x"2) A (p+1) * (d+F*x"2) " (q-1) *
Simp [Z*C*d* (2xp+3) + (Z*b*‘F*q) *X+2%CxTx (2xp+2%q+3) *X"Z,X] ,X] /3
FreeQ[{a,b,c,d,f},x]| && NeQ[b"2-4xaxc,0] && LtQ[p,-1] && GtQ[q,0] && Not[IGtQ[q,0]]



Rules for integrands of the form (a+b x+c x~2)"p (d+e x+f x"2)"q

Int[(a_.+c_.#x_"2)"p_*(d_.+e_.xx_+f_.#x_"2)"q_,x_Symbol] :=
(2*c*x)*(a+c*x"2)"(p+1)*(d+e*x+f*x"2)"q/((—4*a*c)*(p+1)) -
(1/ ((-4%a*C) * (p+l))) *
Int[ (a+Cc*x*2) " (p+1) # (d+exx+Ff*x 2) " (q-1) *
Simp[Z*C*d* (2%p+3) + (2xCxex (2%p+q+3) ) *X+2*CxT* (2xp+2xq+3) *X"Z,X],X] /5
FreeQ[{a,c,d,e,f},x]| 8& NeQ[e”2-4xd+f]| && LtQ[p,-1] & GtQ[q,0] && Not[IGtQ[q,0]]



Rules for integrands of the form (a+b x+c x~2)"p (d+e x+f x"2)"q

2: J(a+bx+cx2)p(d+ex+fx2)qd1x whenb?-4ac#0 A e?-4df#0 Ap<-1 A Q30 A (cd—af)z— (bd-ae) (ce-bf) #0

Derivation: Nondegenerate biquadratic recurrence 3withA -1, B->0, C—-> 0

Rule1.2.1.5.4.2:1f b2-4ac+0 A e’-4df+0Ap<-1AQq*r0O A (cd-af)?-(bd-ae) (ce-bf) +0,
then
j(a+bx+cx2)p(d+ex+fx2)qd1x—)

(((2ac’e-b?ce+b*f+bc (cd-3af)+c (2c2d+b>f-c (be+2af))x) (a+bx+cx®)P? (drex+Ffx?)¥)/
((b*-4ac) ((cd—af)z— (bd-ae) (ce-bf)) (p+1))) -

= J(a+bx+cx2)’J+1 (d+ex+-Fx2)q-

(b*-4ac) ((cd-af)’- (bd-ae) (ce-bf)) (p+1)
(2¢ ((cd—af)z— (bd-ae) (ce-bf)) (p+1) -
(2c?d+b’f-c (be+2af)) (af (p+1) -cd (p+2)) -
e(b>’ce-2ac’e-b’f-bc (cd-3af)) (p+rq+2)+
(2f (2ac’e-b*ce+b’f+bc(cd-3af)) (p+q+2) - (2c?d+b’f-c (be+2af)) (bf (p+1)-ce(2p+q+4))) x+
cf(2c®d+b’f-c(be+2af)) (2p+2q+5) x*) dx

Program code:

Int[(a_.+b_.#x_+C_.*x_"2)"p_x(d_.+e_.*x_+f_.*x_"2)"q_,x_Symbol] :=
(z*a*cﬂz*e-bﬂz*c*e+bA3*f+b*c*(c*d-3*a*f)+c*(2*cA2*d+bA2*f-c*(b*e+2*a*f))*x)*(a+b*x+c*xA2)A(p+1)*(d+e*x+f*xA2)A(q+1)/
((bA2-4*a*c)*((c*d—a*f)AZ—(b*d—a*e)*(c*e—b*f))*(p+1)) -
(1/((b“2—4*a*c)*((c*d—a*f)AZ—(b*d—a*e)*(c*e—b*f))*(p+1)))*
Int[(a+b*x+c*xA2)“(p+1)*(d+e*x+f*xA2)Aq*
Simp[Z*C*((C*d—a*f)“z—(b*d—a*e)*(c*e—b*f))*(p+1)—
(2*cA2*d+bA2*f—c*(b*e+2*a*f))*(a*f*(p+1)—c*d*(p+2))—
e*(bAZ*c*e—2*a*cA2*e—bA3*f—b*c*(c*d—3*a*f))*(p+q+2)+
(Z*f*(Z*a*CAZ*e—bAZ*c*e+bA3*f+b*c*(c*d—3*a*f))*(p+q+2)—(2*c“2*d+b“2*f—c*(b*e+2*a*f))*(b*f*(p+1)—c*e*(2*p+q+4)))*x+
c*f*(z*cAz*d+bA2*f—c*(b*e+2*a*f))*(2*p+2*q+5)*xA2,x],x]/;
FreeQ[{a,b,c,d,e,f,q},x] & NeQ[b"2-4xaxc,0] & NeQ[e"2-4xd«f,0] && LtQ[p,-1] &
NeQ[ (cxd-a+f)~2- (bxd-axe) » (cxe-bxf),8] & Not[Not[IntegerQ[p]] && ILtQ[q,-1]] & Not[IGtQ[q,0]]



Rules for integrands of the form (a+b x+c x~2)"p (d+e x+f x"2)"q

Int[(a_.+b_.#x_+c_.*x_"2)"p_x(d_.+f_.+x_"2)~q_,x_Symbol] :=
(bA3*f+b*c*(c*d—3*a*f)+c*(2*cA2*d+bA2*f—c*(2*a*f))*x)*(a+b*x+c*xA2)A(p+1)*(d+f*xA2)A(q+1)/
((bA2-4*a*c)*(b“2*d*f+(C*d—a*f)Az)*(p+1)) -
(1/((bA2—4*a*c)*(bA2*d*f+(c*d—a*f)Az)*(p+1)))*
Int[(a+b*x+c*xA2)A(p+1)*(d+f*xA2)Aq*
Simp[Z*C*(bAZ*d*f+(C*d—a*f)AZ)*(p+1)—
(2*c“2*d+b“2*f—C*(2*a*f))*(a*f*(p+1)—C*d*(p+2))+
(Z*f*(bA3*f+b*c*(c*d—3*a*f))*(p+q+2)—(2*cA2*d+bA2*f—c*(2*a*f))*(b*f*(p+1)))*x+
c*f*(2*c“2*d+b“2*f—c*(2*a*f))*(2*p+2*q+5)*x“2,x],x]/;
FreeQ[{a,b,c,d,f,q},x] && NeQ[b"2-4xaxc,0] && LtQ[p,-1] && NeQ[b2xdf+ (cxd-axf)~2,0] &&
Not [Not [IntegerQ[p]] && ILtQ[q,-1]] && Not[IGtQ[q,0]]

Int[(a_.+C_.#x_"2)"p_*(d_.+e_.xx_+f_.#x_"2)"q_,x_Symbol] :=
(2xaxcr2xe+cx (24 2xd-Cx (2xaxf) ) #X) * (a+Cxx2) A (p+1) # (d+exx+Fxx 2)~ (q+1) /
((—4*a*c)*(a*c*eA2+(C*d—a*f)AZ)*(p+1)) -
(1/((—4*a*c)*(a*c*eA2+(c*d—a*f)A2)*(p+1)))*
Int[ (a+C*x2) " (p+1) * (d+exx+F*x"2) ~q*
Simp[Z*C*((C*d—a*f)AZ—(—a*e)*(C*e))*(p+1)—(2*c“2*d—C*(2*a*f))*(a*f*(p+1)—C*d*(p+2))—e*(-2*a*c“2*e)*(p+q+2)+
(z*f*(Z*a*cAZ*e)*(p+q+2)—(2*cA2*d—c*(2*a*f))*(—c*e*(z*p+q+4)))*x+
c*f*(z*cAZ*d—c*(Z*a*f))*(2*p+2*q+5)*xA2,x],x]/;
FreeQ[{a,c,d,e,f,q},x] && NeQ[e"2-4xdxf,0] && LtQ[p,-1] && NeQ[axcxe 2+ (cxd-axf)~2,0] &&
Not [Not [IntegerQ[p]] && ILtQ[q,-1]] && Not[IGtQ[q,0]]

10



Rules for integrands of the form (a+b x+c x~2)"p (d+e x+f x"2)"q

5: J(a+bx+cx2)p(d+ex+fx2)qd1x whenb?-4ac#0 Ae’-4df#0 Ap>1ApPp+q#O A2p+2q+1+0

Derivation: Nondegenerate biquadratic recurrence 2withA - a, B>b, C>c, p->p-1

Rule1.2.155:1f b2-4ac+0 A e?-4df+0Ap>1Ap+q+0 A2p+2g+1+0,then

J(a+bx+cx2)p (d+ex+fx*)%dx —
(((bf (3p+2q) -ce(2p+q) +2cf (p+q) x) (a+bx+cx2)”'1 (d+ex+-Fx2)“"1)/(2-F2 (P+q) (2p+2q+1))) -

1
J(.‘:\+bx+cx2)p'2 (d+ex+-sz)q-

2f2 (p+q) (2p+2q+1)
((bd-ae) (ce-bf) (1-p) (2p+q) - (p+q) (b’df (1-p)-a(f(be-2af) (2p+2q+1)+c (2df-e* (2p+q)))) +
(2(cd-af) (ce-bf) (1-p) (2p+q) - (p+q) ((b*-4ac)ef (1-p)+b(c(e*-4df) (2p+q) +f (2cd-be+2af) (2p+2q+1)))) x+
((ce—b-F)2 (1-p)p+c(p+q) (f(be-2af) (4p+2q-1) -c(2df (1-2p) +e* 3p+q-1)))) x*) dx

Program code:

Int[(a_.+b_.*x_+c_.*x_A2)Ap_*(d_.+e_.*x_+f_.*x_A2)Aq_,x_Symbol] 2=
(b*f*(3*p+2*q)—C*e*(Z*p+q)+2*C*f*(p+q)*x)*(a+b*x+C*xA2)A(p-1)*(d+e*x+f*xA2)A(q+1)/(2*f“2*(p+q)*(2*p+2*q+1)) -
1/ (2%F72% (p+q) * (2xp+2xq+1) ) *

Int[(a+b*x+c*xA2)A(p—2)*(d+e*x+f*xA2)Aq*

Simp [ (bxd-axe) » (cxe-bxf) x (1-p) * (2xp+q) -
(p+q)*(bAZ*d*f*(l—p)—a*(f*(b*e-z*a*f)*(2*p+2*q+1)+c*(2*d*f-e“2*(2*p+q))))+
(2*(c*d—a*f)*(c*e—b*f)*(1—p)*(2*p+q)—

(p+q)*((bA2—4*a*c)*e*f*(l—p)+b*(c*(eA2—4*d*f)*(2*p+q)+f*(z*c*d—b*e+2*a*f)*(2*p+2*q+1))))*x+
((c*e—b*f)AZ*(1—p)*p+c*(p+q)*(f*(b*e—z*a*f)*(4*p+2*q—1)—c*(z*d*f*(l—z*p)+eA2*(3*p+q—1))))*xAZ,x],x]/;
FreeQ[{a,b,c,d,e,f,q},x] & NeQ[b"2-4+axc,0] & NeQ[e~2-4xd+f,0] & GtQ[p,1] &&
NeQ[p+q,0] && NeQ[2xp+2xq+1,0] &% Not[IGtQ[p,0]] && Not[IGtQ[q,0]]

11



Rules for integrands of the form (a+b x+c x~2)"p (d+e x+f x"2)"q

Int[(a_.+b_.#x_+c_.*x_"2)"p_x(d_.+f_.+x_"2)~q_,x_Symbol] :=
(b*(3*p+2*q)+2*c*(p+q)*x)*(a+b*x+c*xA2)A(p—1)*(d+f*xA2)A(q+1)/(2*f*(p+q)*(2*p+2*q+1)) -
1/(2*f*(p+q)*(2*p+2*q+1))*

Int[(a+b*x+c*xA2)A(p—2)*(d+f*xA2)Aq*

Simp [b"2+d* (p-1)  (2%p+q) - (p+q) * (b"2%d* (1-p) -2xax (cxd-a*fx (24p+2xq+1) ) ) -
(Z*b*(C*d—a*f)*(1—p)*(2*p+q)—2*(p+q)*b*(2*C*d*(2*p+q)—(C*d+a*f)*(2*p+2*q+1)))*X+
(bAZ*f*p*(1—p)+2*c*(p+q)*(c*d*(z*p—l)—a*f*(4*p+2*q—1)))*xAZ,x],x]/;

FreeQ[{a,b,c,d,f,q},x] && NeQ[b"2-4xaxc,0] & GtQ[p,1] & NeQ[p+q,0] && NeQ[2xp+2xq+1,0] && Not[IGtQ[p,0@]] && Not[IGtQ[q,0]]

Int[(a_.+c_.#x_"2)"p_#(d_.+e_.xx_+f_.+x_"2)~q_,x_Symbol] :=
—c*(e*(2*p+q)—2*f*(p+q)*x)*(a+c*xA2)A(p—1)*(d+e*x+f*xA2)A(q+1)/(2*fA2*(p+q)*(2*p+2*q+1)) -
1/(2*f“2*(p+q)*(2*p+2*q+1))*

Int[ (a+C*x2) " (p-2) * (d+exx+F*x"2) ~q*

Simp [—a*c*e"z* (1-p) * (2xp+q) +a* (p+q) * (—Z*a*f"Z* (2xp+2xq+1) +C* (Z*d*‘F—e"Z* (2%xp+q) ) ) +
(2*(C*d—a*f)*(C*e)*(l—p)*(2*p+q)+4*a*C*e*f*(1—p)*(p+q))*x+
(p*CAZ*eAZ*(l-p)—C*(p+q)*(2*a*f“2*(4*p+2*q—1)+C*(2*d*f*(1—2*p)+eA2*(3*p+q—1))))*XAZ,X],X]/;

FreeQ[{a,c,d,e,f,q},x] && NeQ[e~2-4xdxf,0] & GtQ[p,1] && NeQ[p+q,0] && NeQ[2#p+2xq+1,0] && Not[IGtQ[p,0]] && Not[IGtQ[q,0]]

12



Rules for integrands of the form (a+b x+c x~2)"p (d+e x+f x"2)"q

1
6: J dx whenb?-4ac#0 A e?-4df#0 A c?2d’-bcde+ace?+b?’df-2acdf-abef+a?f2+0
(a+bx+cx?) (d+ex+fx?)

Derivation: Algebraic expansion

Basis:Letq = c?2d’-bcde+ace?+b?’df-2acdf-abef+a?f?then
1 _ c*d-bce+b*f-acf-(c’e-bcf)x
(a+bx+cx?) (d+e x+f x?) q (a+b x+c x?)

. ce’-cdf-bef+a -F%(ceﬂbfz) X
q (d+e x+f x?)

Rule1.2.1.56:1f b2-4ac+0 A e’?-4df+0,letqg=c®?d’>-bcde+ace?+b*’df-2acdf-abef+a’f?
if g # 0, then

1 1 c*d-bce+b*f-acf- (c?e-bcf)x 1 rce’-cdf-bef+af’+ (cef-bf?)x
J dx — —J J
(a+bx+cx?)

dx + —
(d+ex+fxz) q a+bx+cx? q

dx
d+ex+fx?

Program code:

Int[1/((a_+b_.*x_+c_.*x_"2) » (d_+e_.*x_+f_.xx_"2)),x_Symbol] :=
With [{q=c"2*d"2—b*c*d*e+a*c*e"2+b"2*d*+'—2*a*c*d*f—a*b*e*f+a"2*f"2},
1/q*Int [ (c"z*d—b*c*e+b"2*f—a*c*f— (c"z*e—b*c*f) *x)/(a+b*x+c*x"2) ,X] +
1/q*Int [ (c*e"z-c*d*f-b*e*f+a*f"2+ (c*e*f-b*f"z) *x)/(d+e*x+f*x"2) ,x] /3
NeQ[q,01] /;

FreeQ[{a,b,c,d,e,f},x] && NeQ[b"2-4xaxc,0] 8&& NeQ[e~2-4xdxf,0]

Int[1/((a_+b_.*x_+c_.*x_"2)#(d_+f_.+x_"2)),x_Symbol] :=
With [{q=c"2*d"2+b"2*d*‘F—Z*a*c*d*f+a"2*f"2} 5
1/q+Int[ (c 2xd+b 2xf-axcxf+brcxfax) /(a+bsx+cxxr2),x] -
1/q*Int [ (C*d*f—a*'F"2+b*'F"2*X)/(d+f*x"2) ,X] /5

NeQ[q,@1] /;

FreeQ[{a,b,c,d,f},x]| && NeQ[b"2-4xaxc,0]

1
7.J dx when b>-4ac+0 A e?-4df#0
(a+bx+cx?) Vd+ex+ £x?



Rules for integrands of the form (a+b x+c x~2)"p (d+e x+f x"2)"q

Vd+ex+fx?

1
1:J dx whenb?-4ac#0 A e>-4df#+0 Ace-bf=0
(a+bx+cx2)

Reference: G&R 2.252.3b
Derivation: Integration by substitution

Basis: If ce - b f == 0, then

1 ) 1 e+2 fx e+2 fx
== -2 e Subst X, —=£2—| Oy —=—=—
(a+b x+c x2) v/ d+e x+f x? e(be-4af)-(bd-ae)x*” 77 Jgiex:fx2 X Jdrex+f x2

Rule1.2.1.5.7.1:1f b>-4ac+0 AN e?-4df+0 A ce-bTf =0,then

1 1 e+2fx
dx — —2eSubst[J N dx, x, ———
(a+bx+cx?) Vd+ex+fx? e(be-4af) - (bd-ae)x Vd+ex+fx?

Program code:

Int [1/( (a_+b_.*x_+c_.xx_"2) xSqrt [d_. +e_.*x_+-F_.*x_"2] ) ,x_Symbol] =
-2xexSubst[Int[1/(ex (bxe-4xaxf) - (bxd-axe) xx*2),x], X, (e+2+f+x) /Sqrt [d+esx+fxx"2]] /;
FreeQ[{a,b,c,d,e,f},x] && NeQ[b"2-4xaxc,0] 8&& NeQ[e"2-4xdxf,0] & EqQ[cxe-bxf,0]

1
z.j dx when b2-4ac#0 Ae?-4df#0 Ace-bf#0

(a+bx+cx?) Vd+ex+ £ x2

1
X: J dx whenb?-4ac#0 A e -4df#0 Ace-bf#0 Ab2-4ac<0

(a+bx+cx?) Vd+ex+fx?

Reference: G&R 2.252.3a

Derivation: Piecewise constant extraction and integration by substitution

(cd-af+cfk+(ce-bf) x) J(mexﬂcxz) < cfk

2
cd—af+cfk+(ce—bf)x) 9
vV d+e x+f x2

Basis: Oy



Rules for integrands of the form (a+b x+c x~2)"p (d+e x+f x"2)"q

Basis: Let k —»

1/ (a+bx+cx?) (cd-af+cfk+ (ce-bf)x) [(d+ex+Ffx? (

15

cfk
cd-af+cfk+(

)2
ce-bf) x
cd-af-cfk)?

—%SMBt“l—x%/(@d—ae—bfk—<
\/ (_f <(bd—aegiek)
ce-

cd-af-cfk+(ce-bf) x

(cd-af-cfk)?
(ce-bf)2

| o

X,

) f

cd-af-cfk+(ce-bf) x

ce-bf

[

+
bd-ae+cek
ce-bf

bd-ae+bfk- Lafcdcfios
ce-bf

ESIF

) x)
(af-cd-cfk)?
(ce-bf)?2

cd-af+cfk+(ce-bf) x

X cd-af+cfk+(ce-bf) x

Rule1.2.1.5.72x:1f b>-4ac+0 A e*-4df+0 Ace-bf+0 A b%>-4ac<0,then

1

JA(a+b

(cd—af+cfk+(ce—bf)@‘J(d+ex+fXﬂ(

dx —
x+cﬂ)Vd+ex+fﬂ

cfk
cd-af+cfk+(ce-bf) x

;

J[l/[(a*'bX,»ch) (cd-af+cfk+ (ce-bf) X)\/(d+9x+fx2) [

2(cd-af+cfk+(ce-b

Vd+ex+fx?

cfk
cd-af+cfk+

(ce—bf)x]z]]dx_ﬁ

cfk
cd-af+cfk+(ce-bf) x

f)x)\/(d+ex+fx2)(

(c

wbﬂ[J[u—xb/[Fd—ae—bfk_

)2
cVd+ex+fx?

d-af-cfk)?

[

(bd-ae-cek) (cd-af-cfk)? .
ce-bf

bd-ae+cek

+|bd-ae+bfk-
ce-bf

(af-cd—cfky]xj

ce-bf
(af-cd-cfk)?

(ce—bff

Program code:

ce-bf

cd-af—cfk+(ce—bf)x
(ce—bfy

]

cd—af+cfk+(ce—bf)x



Rules for integrands of the form (a+b x+c x~2)"p (d+e x+f x"2)"q 16
(+ Int[1/((a_+b_.*x_+c_.*x_"2) +Sqrt[d_.+e_.*x_+f_.*x_*2]),x_Symbol] :=
With[{k=Rt[(a/c-d/f) "2+ (b/c-e/f) x (bxd/ (cxf)-axe/(cxf)),2]},
—2*(C*d—a*f+C*f*k+(C*e—b*f)*x)*Sqrt[(d+e*x+f*x“2)*((C*f*k)/(C*d—a*f+C*f*k+(C*e—b*f)*x))AZ]/(C*Sqrt[d+e*x+f*x“2])*
Subst [Int[ (1-x) /(
(b*d—a*e—b*f*k—(c*d—a*f—c*f*k)AZ/(c*e—b*f)+(b*d—a*e+b*f*k—(a*f—c*d—c*f*k)AZ/(c*e—b*f))*xAZ)*
Sqrt[—f*((b*d—a*e—c*e*k)/(c*e—b*f)—(c*d—a*f—c*f*k)AZ/(c*e—b*f)AZ)—f*((b*d—a*e+c*e*k)/(c*e—b*f)—(a*f—c*d—c*f*k)AZ/(c*e—b*f)Az)*xAz])
(C*d—a*f—C*f*k+(C*e—b*f)*X)/(C*d—a*f+C*f*k+(C*e—b*f)*x)]] /3
FreeQ[{a,b,c,d,e,f},x] && RationalQ[a,b,c,d,e,f] && NeQ[b"2-4xaxc,0] & NeQ[e"2-4xdxf,8] & NeQ[cxe-bxf,0] & LtQ[b"2-4+axc,8] *)

(+ Int[1/((a_+c_.*x_"2)+Sqrt[d_.+e_.+x_+f_.xx_"2]),x_Symbol] :=
With[{k=Rt[(a/c-d/f)~2+axe"2/(cxf 2),2]},
—2*(C*d—a*f+C*f*k+C*e*x)*Sqrt[(d+E*X+f*XA2)*((C*f*k)/(C*d—a*f+C*f*k+C*E*X))AZ]/(C*Sth[d+E*X+f*XA2])*
Subst [Int[ (1-x) /(
(—a*e—(c*d—a*f—c*f*k)ﬂz/(c*e)+(—a*e—(a*f—c*d—c*f*k)ﬂz/(c*e))*xAz)*
Sqrt[-fx ((-axe-cxexk) / (cxe) - (cxd-axf-cxfxk) 22/ (cxe) 22) -f+ ((-axe+cxexk) / (cxe) - (axf-cxd-cxfxk)~2/ (cxe)~2) xx"2]) ,x],x,
(C*d—a*f—C*f*k+(c*e)*x)/(c*d—a*f+C*f*k+(c*e)*x)]] /5
FreeQ[{a,c,d,e,f},x] && RationalQ[a,c,d,e,f]| & NeQ[e"2-4xd+f,0] & LtQ[-axc,0] *)

(+ Int[1/((a_+b_.*x_+c_.*x_"2) +Sqrt[d_.+f_.+x_"2]),x_Symbol] :=
With[{k=Rt[(a/c-d/f)~2+b"2xd/(c 2+f),2]},
—2*(C*d—a*f+C*f*k—b*f*X)*Sqrt[(d+f*x“2)*((C*f*k)/(C*d—a*f+C*f*k—b*f*x))AZ]/(C*Sth[d+f*XA2])*

Subst [Int[ (1-x) /(
(b*d—b*f*k+(c*d—a*f—c*f*k)Az/(b*f)+(b*d+b*f*k+(a*f—c*d—c*f*k)“Z/(b*f))*XA2)*
Sqrt[-fx (-d/f- (cxd-axf-cxfxk) 22/ (b+f)~2) -Fx (-d/f- (axf-cxd-cxfxk) "2/ (bxf)2) xx*2]),x],x,
(C*d—a*f—C*f*k+(—b*f)*X)/(C*d—a*f+C*f*k+(—b*f)*x)]] /3
FreeQ[{a,b,c,d,f},x] && RationalQ[a,b,c,d,f]| & NeQ[b"2-4xaxc,0] && LtQ[b*2-4xaxc,0] *)

1
1: J dx whenb?-4ac#0 A e>-4df#0 A ce-bf#0 Ab>-4ac>0
(a+bx+cx2) Vd+ex+fx?

Derivation: Algebraic expansion

Basis: Letq = m, then —*— - 2¢ 1 2q_c 1

a+b x+c x? q (b-g+2cx) (b+g+2 c x)
[

Rule1.2.1.57.2.1:If b2-4ac+0 Ane’-4df+0 Ace-bf+0@ Ab’>-4ac>0letq=+/b>2-4ac,then



Rules for integrands of the form (a+b x+c x~2)"p (d+e x+f x"2)"q

X - —

1 2c 1 2c 1
dx — — d d
(a+bx+cx?) Vd+ex+fx? a (b-gq+2cx) Vd+ex+fx? q (b+gq+2cx) Vd+ex+fx?

Program code:

Int[1/((a_+b_.*x_+c_.#x_"2)#Sqrt[d_.+e_.+x_+f_.+x_"2]),x_Symbol] :=
With[{gq=Rt [b*2-4xaxc,2]},
2xc/q*Int [1/( (b-g+2xc*Xx) *Sqrt [d+e*x+'F*x"2] ) ,X] -
2xc/qxInt[1/( (b+q+2xcxx) xSqrt[d+esx+F+x2]),x]] /;
FreeQ[{a,b,c,d,e,f},x] && NeQ[b"2-4xaxc,0] & NeQ[e~2-4xdxf,8] & NeQ[cxe-bxf,0] & PosQ[b 2-4xaxc]

Int[1/((a_+c_.*x_"2)#Sqrt[d_.+e_.*x_+f_.+x_"2]),x_Symbol] :=
1/2xInt[1/((a-Rt[-axc,2]+X) #Sqrt [d+esx+f+x"2]),x] +
1/2+Int[1/( (a+Rt[-axc,2]+X) #Sqrt [d+esx+fx~2]),x] /;

FreeQ[{a,c,d,e,f},x] && NeQ[e"2-4xd«f,0] && PosQ[-axc]

Int[1/((a_+b_.*x_+c_.+x_"2)+Sqrt[d_+f_.+x_"2]),x_Symbol] :=
With[{g=Rt[b*2-4xaxc,2]},
2xc/q*Int [1/( (b-g+2xc*xX) *Sqrt [d+'F*X"2] ) ,x] -
2xc/q+Int[1/( (b+q+2xcxx) xSqrt[d+F+x2]),x]] /;
FreeQ[{a,b,c,d,f},x] & NeQ[b"2-4xaxc,0] && PosQ[b*2-4xaxc]

X

17



Rules for integrands of the form (a+b x+c x~2)"p (d+e x+f x"2)"q

1
Z:JN dx whenb?-4ac#0 A e>-4df#0 Ace-bf#0 Ab>2-4ac30

(a+bx+cx?) Vd+ex+fx?

Derivation: Algebraic expansion

(b (ce-bf)-2c (cd-af))?-4c? ((cd-af)?-(bd-ae) (ce-bf))
(ce-bf)?
(noted by Martin Welz on sci.math.symbolic on 24 May 2015).

Note: If b2 -4 ac = < ©,then (cd-af)?- (bd-ae) (ce-bf) >0

Note: Resulting integrands are of the form e x where
(a+bx+cx?) 1/ d+e x+f x?

h? (bd-ae)-2gh (cd-af) +g% (ce-bf) = 0forwhichthereisarule.
Rule1.2.1.5.7.2.2:If b’-4ac+0 A e’ -4df+0 Ace-bf+0 Ab%>-4acy0,let
qA\/(cd—af)z— (bd-ae) (ce-bFf) ,then

J 1 4 1 cd-af+q+ (ce-bf)x g 1 cd-af-q+ (ce-bf)x g
X — — X - — X
(a+bx+cx2)\/d+ex+-Fx2 24 (a+bx+cx2)\/d+ex+1=x2 24 (a+bx+cx2)\/d+ex+1=x2

Program code:

Int[1/((a_.+b_.*x_+c_.*x_"2) #Sqrt[d_.+e_.*x_+f_.*x_*2]),x_Symbol] :=

With [{q:Rt [ (c*d—a*f) A2- (bxd-axe) * (c*e—b*f) ,2] },

1/ (2xq) *Int [ (c*d—a*f+q+ (C*e—b*f) *X)/( (a+bxx+c*x*2) xSqrt [d+e*X+'F*X"2] ) ,X] -

1/ (2+q) *Int[ (cxd-axf-q+ (cxe-bxf) #x) /((a+bxx+c*x"2) xSqrt [d+exx+Fxx~2]),x]] /;
FreeQ[{a,b,c,d,e,f},x] && NeQ[b"2-4xaxc,0] && NeQ[e"2-4xdxf,0] & NeQ[cxe-bxf,0] && NegQ[b"2-4xaxc]

Int[1/((a_.+c_.*x_"2) *Sqrt[d_.+e_.*x_+f_.xx_"2]),x_Symbol] :=
With[{q=Rt[ (cxd-a«f)~2+axcxe”2,2]},
1/ (2+q) +Int[ (cxd-axf+q+cxexx) /( (a+cxx 2) xSqrt [d+exx+fxx"2]),x] -
1/ (2xq) *Int [ (c*d—a*f—q+c*e*x)/( (a+Ccxx"2) xSqrt [d+e*x+f*x"2] ) ,x] ] /3
FreeQ[{a,c,d,e,f},x]| && NeQ[e”2-4xdxf,0] && NegQ[-axc]



Rules for integrands of the form (a+b x+c x~2)"p (d+e x+f x"2)"q

Int[1/((a_.+b_.*x_+c_.*x_"2) +Sqrt[d_.+f_.+x_"2]),x_Symbol] :=
With[{q=Rt[ (cxd-a«f)~2+b"2+d«f,2]},
1/ (2+q) #Int[ (cxd-axf+q+ (-b+f) xx) / ( (a+bsx+c*x 2) xSqrt [d+f*x"2]),x] -
1/ (2+q) +Int[ (cxd-axf-q+ (-b+f) x) / ( (a+bsx+cxx 2) xSqrt [d+f+x"2]),x]] /;
FreeQ[{a,b,c,d,f},x] & NeQ[b"2-4xaxc,0] && NegQ[b"2-4xaxc]

dx whenb?-4ac#0 A e?>-4df+0

Va+bx+cx?
8: J-—

d+ex+fx?

Derivation: Algebraic expansion

Basis: a+b x+c x> __ C _ cd-af+(ce-bf) x
d+e x+f x?2 f+a+b x+c x2 f+a+b x+c x? (d+ex+Fx2>
Rule1.2.1.58:1f b2-4ac+0 A e2-4df # 0,then
a+bx+cx? c 1 1 cd-af+(ce—bf)x
[T S E——- ax
d+ex+fx fJarbx+cx® f)Varsbx+cx® (d+ex+fx?)

Program code:

Int[Sqrt[a_+b_.#x_+c_.*x_"2]/(d_+e_.*x_+f_.*x_"2),x_Symbol] :=
c/fxInt[1/Sqrt[a+bsx+cxx2],x] -
1/f+Int [ (cxd-axf+ (cxe-bxf) xx) /(Sqrt [a+bxx+cxx 2]  (d+exx+f*x 2)),x] /;
FreeQ[{a,b,c,d,e,f},x] && NeQ[b"2-4xaxc,0] && NeQ[e"2-4xdxf,0]

Int[Sqrt[a_+b_.#x_+c_.*x_"2]/(d_+f_.*x_"2),x_Symbol] :=
c/fxInt[1/Sqrt[a+bxx+cxx2],x] -
1/'F*Int [ (C*d—a*f—b*f*x)/(Sqr‘t [a+bxX+C*Xx"2] * (d+'F*x"2) ) ,X] /5
FreeQ[{a,b,c,d,f},x]| && NeQ[b"2-4xaxc,0]

Int[Sqrt[a_+c_.x_"2]/(d_+e_.»x_+f_.*x_"2),x_Symbol] :=
c/fxInt[1/Sqrt[a+c*x*2],x] -
1/f+Int[ (cxd-asfrcresx)/(Sqrt[a+cxx 2]« (d+exx+Fxxr2)),x] /;
FreeQ[{a,c,d,e,f},x] & NeQ[e"2-4xd+f,0]



Rules for integrands of the form (a+b x+c x~2)"p (d+e x+f x"2)"q

1
9:J‘ dx when b>-4ac#0 A e?-4df#0
Va+bx+cx2 Vd+ex+fx?

Derivation: Piecewise constant extraction

Basis: Let r — ’b2—4ac,then@X b+r+2cx /2a+ (b+r) X -9
Va+b x+c x?

|
Rule1.2.1.59:1f b2-4ac+0 A e’ -4df +0,letr >+/b?>-4ac, then
J- 1 dx — VYb+r+2cx ’\/Za+(b+r‘)XJ* 1 dx
Va+rbx+cx? Vd+ex+fx? Va+bx+cx? Vb+r+2cx '\/2a+(b+r‘)x Vd+ex+fx?

Program code:

Int[1/(Sqrt[a_+b_.«x_+c_.*x_"2]+Sqrt[d_+e_.*x_+f_.+x_"2]),x_Symbol] :=

With[{r=Rt[b*2-4+axc,2]},

Sqrt [b+r+2xcxx] *Sqrt[2+a+ (b+r) xx] /Sqrt [a+bsx+c*x"2] xInt [1/(Sqrt [b+r+2xcxX] *Sqrt [2+a+ (b+r) »x] #Sqrt [d+esx+f*x*2]),x]] /;
FreeQ[{a,b,c,d,e,f},x] && NeQ[b"2-4xaxc,0] 8&& NeQ[e~2-4xdxf,0]

Int[1/(Sqrt[a_+b_.*x_+c_.*x_~2]4Sqrt[d_+f_.+x_"2]),x_Symbol] :=

With[{r=Rt[b*2-4+axc,2]},

Sgrt [b+r+2xcxx] *Sqrt[2xa+ (b+r) *x] /Sqrt[a+bxx+cxx*2] xInt [1/(Sqr‘t [b+r+2xcxx] *Sqrt[2+a+ (b+r) *x] *Sqrt [d+'F*X"2] ) ,X] ] /3
FreeQ[{a,b,c,d,f},x] && NeQ[b"2-4xaxc,0]



Rules for integrands of the form (a+b x+c x~2)"p (d+e x+f x"2)"q

X: J(a+bx+cx2)p (d+ex+fx2)qd1x

Rule 1.2.1.5.X:

j(a+bx+cx2)p (d+ex+-Fx2)qd1x — f(a+bx+cx2)p (d+ex+fx2)qd1x

Program code:
Int[(a_.+b_.#x_+C_.*Xx_"2)"p_x(d_.+e_.*x_+f_.*x_"2)"q_,x_Symbol] :=
Unintegrable [ (a+b»X+cxx"2) "px (d+exx+f#x"2)~q,x] /;
FreeQ[{a,b,c,d,e,f,p,q},x] & Not[IGtQ[p,0]] && Not[IGtQ[q,0]]
Int[(a_+c_.*x_"2)"p_x(d_.+e_.*x_+f_.*x_"2)"q_,x_Symbol] :=

Unintegrable[ (a+c*x"2) "px (d+exx+f*x"2)~q,x| /;
FreeQ[{a,c,d,e,f,p,q},x] & Not[IGtQ[p,8]] & Not[IGtQ[q,O]]

S: ~J.(a+bu+cu2)p(d+eu+1:u2)qd1x when u == g + h x

Derivation: Integration by substitution
Rule 1.2.1.5.S:If u == g + h x, then

J(a+bu+cu2)p (d+eu+-Fu2)qd1x — ﬁSubst[J‘(a+bx+cx2)p (d+ex+fx2)qdlx, X, u]

Program code:

Int[(a_.+b_.#u_+c_.%u_"2)"p_.*(d_.+e_.xu_+f_.+u_"2)"q_.,x_Symbol] :=
1/Coefficient [u,x,1] *Subst [Int[ (a+bxx+cxx"2) "px (d+exx+fxx"2)"q,x],x,u] /;
FreeQ[{a,b,c,d,e,f,p,q},x] & LinearQ[u,x] & NeQ[u,X]
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Rules for integrands of the form (a+b x+c x~2)"p (d+e x+f x"2)"q

Int[(a_.+c_.*u_"2)"p_.(d_.+e_.#u_+f_.xu_"2)~q_.,x_Symbol] :=
1/Coefficient [u,x,1] +Subst [Int[ (a+c*x"2) *px (d+exx+Fxx"2) ~q,x],x,u] /;
FreeQ[{a,c,d,e,f,p,q},x] & LinearQ[u,x] && NeQ[u,X]
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